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Abstract
What is the minimal number of &oodlights that can illuminate the interior of any polygon
with n vertices, provided that every &oodlight has an ; ∈ (0◦; 360◦], range of illumination?
This question is answered in this paper for ∈ [45◦; 60◦), stating that this number is n− 1, if n
is odd, and n − 2, if n is even. We show also that every simple polygon with 2‘ + 2 vertices
can be partitioned into ‘ quadrilaterals using at most ‘ − 1 Steiner points.
c© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction
Floodlight illumination problems are variants of art gallery problems. The ;rst, al-
ready classical, art gallery theorem is due to Chv)atal [1]: If P is a simple polygon
with n vertices, then n=3 guards can be placed at vertices of P such that every point
of P is visible from at least one of them, and this number is the best possible. Later
Fisk gave a simple proof of this theorem [5]. See [15,18], or [11] for a survey on art
galleries and illumination.
We consider a generalization of Chv)atal’s art gallery problem, the illumination of
polygons by -&oodlights. An -&oodlight, ∈(0◦; 360◦], is a pair (p;C) of a point
p and a cone C of aperture  at apex p. Given a simple closed polygonal domain
(shortly, polygon) P with n vertices, allocate -&oodlights at points of P so that any
point of P is illuminated by at least one of the &oodlights [10]. A point q∈P is
illuminated by (p;C) if pq⊂P∩C.
Denote by f(n; ); n∈N; n¿3, and ∈(0◦; 360◦], the minimal number of -&ood-
lights that can illuminate any simple polygon with n vertices. Ultimately, we would
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like to determine f(n; ) for all possible n and . In particular, Chv)atal’s watchmen
theorem asserts f(n; 360◦)= n=3. It was shown in [16] that f(n; )= n=3 for all
∈[180◦; 360◦], too. This latter bound implies f(n; )62n=3 for ∈[90◦; 180◦) by
replacing every 180◦-&oodlight by two 90◦-&oodlights. This was shown to be tight
[17], as well, apart from an additive constant. In this paper, we prove the following.
Theorem 1.
f(n; 45◦)6
{
n− 1 if n is odd;
n− 2 if n is even:
This bound is tight. In particular, this is the exact value of f(n; ) for all ∈[45◦;
60◦). A family of simple polygons attaining this bound was shown in [17]. One member
of the family is depicted in Fig. 1.
Fig. 2 shows the known values of the function g()= lim supn→∞ f(n; )=n. Clearly,
g() is monotone, and lim→0◦ g()=∞. It is interesting that function g() takes only
a ;nite number of values on the intervals [45◦; 60◦) and [90◦; 360◦]. For ∈[60◦; 90◦),
the best-known lower and upper bounds are 346g()61. The lower bound was shown
in [17], the upper bound follows from the fact that any triangulation of a simple polygon
with n vertices contains n − 2 triangles. We expect that f(n; 60◦)= 	3(n − 2)=4
 and
f(n; 30◦)=f(n; 45◦).
Fig. 1. A polygon with nine vertices requiring eight -&oodlights, ∈ [30◦; 60◦).
Fig. 2. The known values of function g().
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Note that we do not attempt to ;nd the minimum number of -&oodlights that can
illuminate a speci;c polygon with n vertices. This problem can, in general, be NP-hard,
as was already shown for angles ∈[180◦; 360◦] by Lee and Lin [9].
In our model, &oodlights can be placed at any point of P, even several &oodlights
can be located at the same point. A related problem of vertex-5oodlight illumination
of simple polygons were considered in [3]. There, &oodlights are to be located at
vertices of P, at most one at a vertex. It was shown that for any ¡180◦ there is
a constant N and convex polygons Pn; with n¿N vertices such that Pn; cannot
be illuminated by n vertex -&oodlights, that is, one at each vertex of Pn;. As for
vertex 180◦-&oodlights, the trivial upper bound of n−2 was recently improved in [13]
to n=2 and to 2n=3 − 1 if the range of illumination of every &oodlight must be
contained in the angular domain of the polygon at re&ex vertices.
The main tool to prove Theorem 1 is the dense decomposition (de;ned below)
of simple polygons. The concept of dense polygons and the dense decomposition,
which might deserve independent interest, are de;ned and discussed in the next section.
We show that every simple polygon with 2(‘ + 1) vertices can be partitioned into ‘
quadrilaterals. This will establish Theorem 1, using the fact that any quadrilateral can
be illuminated by at most two 45◦-&oodlights.
Partitioning a simple polygon into quadrilaterals was studied from various points of
view. It has application in engineering [6,7], and for art gallery problems [2,8]. Any
orthogonal polygon (also called rectilinear polygon) has a convex quadrangulation
[8]. A (convex) quadrangulation is a face-to-face partition into (convex) quadrilaterals
such that vertices of the quadrilaterals are vertices of the polygon (not allowing Steiner
points). Not every simple polygon has a quadrangulation [8]. Ramaswami et al. [12]
characterized polygons which have a quadrangulation. A quadrangulation with Steiner
points is a face-to-face partition into quadrilaterals such that vertices of the quadrilat-
erals are vertices of the polygon or Steiner points. Ramaswami et al. [12] generated
quadrangulations with Steiner points while keeping the number of Steiner points small.
They partition a simple polygon with 2(‘ + 1) vertices into 3‘=2 quadrilaterals, in
the worst case, using ‘=2 Steiner points. Our partition is not face-to-face, that is,
a vertex of a quadrilateral can be in the relative interior of a side of another quadri-
lateral. We use always only ‘ quadrilaterals and the number of Steiner points is at
most ‘ − 1.
2. Dense polygons
Let P be a simple polygon with n vertices and let T be a set of triangles in the plane.
T is the triangulation of P, if P=
⋃
T , the triangles of T are pairwise non-overlapping,
and the vertices of the triangles are vertices of P. It is known that every simple polygon
has a triangulation, every triangulation consists of exactly n− 2 triangles, although the
triangulation is not necessarily unique. We de;ne the graph G(T ) on a triangulation
T . The nodes of the graph correspond to the elements of T , two nodes are adjacent if
and only if the corresponding triangles have a common side. (G(T ) is also known as
the dual graph of the triangulation [14].) G(T ) is a tree on n− 2 nodes, the maximal
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degree in G(T ) is three, since a triangle in T may have a common side with at most
three other triangles of T .
In our terminology, polygons have vertices and sides, while graphs have nodes and
edges. A vertex v of a simple polygon P is said to be convex (resp., re5ex) if the
interior angle of P at v is at most 180◦ (resp., bigger than 180◦). If there is no
danger of confusion, we will make no distinction between a node of G(T ) and the
corresponding triangle of T . A dense polygon can be de;ned as follows.
Denition 1.
• A graph G is dense, if G is a tree and each node of G has degree one or three.
• A simple polygon S is dense if graph G(TS) is dense for every triangulation TS
of S.
Proposition 1. Every dense graph G has an even number of nodes. If a dense graph
G has 2‘ nodes then it has exactly ‘ + 1 leaves.
Proof. Suppose that G has s leaves and t nodes of degree 3. The number of edges is
(s+3t)=2= (s+ t)=2+ t, hence s+ t is even. G is a tree, so the number of edges equals
to the number of nodes minus one: (s+3t)=2= s+ t− 1, that is, s=(s+ t)=2+ 1.
2.1. Dense decomposition
The dense decomposition D of a simple polygon P is a set of pairwise non-
overlapping dense polygons such that P=
⋃
D and the vertices of the dense polygons
are vertices of P. We can de;ne the tree G(D) on a dense decomposition D just like
G(T ). The nodes of G(D) correspond to the dense polygons of D, two nodes are
adjacent if and only if the corresponding polygons have a common side.
The union of the triangulations of the elements of a dense decomposition is a tri-
angulation T of P. So T contains an even number of triangles. Clearly, this is im-
possible if P has an odd number of vertices. We can prove, however, the following
lemma.
Lemma 1. If P is a simple polygon with an even number of vertices, then P has a
dense decomposition.
Proof. We proceed by induction on the number of nodes of G(T ). Every quadrilateral
is dense. If the polygon P is dense, then the proof is complete.
If P is not dense then there is a triangulation T of P such that there exists a node
of degree two in G(T ). Consider the tree G(T ) as a rooted tree (G(T ); r) where an
arbitrary leaf r of G(T ) is chosen as the root. Let v∈G(T ) be a node of degree
two such that no descendant of v has degree two in G(T ). Let S denote the subtree
containing v and all its descendants in (G(T ); r). According to Proposition 1, the
subtree S has an even number of nodes, hence G(T )\S has an even number of nodes
as well. The polygons corresponding to S and G(T ) − S have dense decompositions
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Fig. 3. A dense decomposition (on the left) of a simple polygon P and the corresponding dual graph G(T )
(on the right).
by induction, and together they give a dense decomposition of P. (See Fig. 3 for an
illustration.)
An example for a dense decomposition for a simple polygon with 40 vertices is
depicted in Fig. 3.
2.2. Star polygons
In the application of our dense decomposition, quadrilaterals always have special
roles. We use star-polygon for a dense polygon with at least 6 vertices. (Note that
star polygons are not necessarily star-shaped, i.e., they cannot always be illuminated
by one 360◦-&oodlight.) Consider a star-polygon S∈D and ;x a triangulation TS in
each S∈D. An outer vertex of S is a vertex which belongs to exactly one triangle
t∈TS . All other vertices of a S are called inner. Outer vertices are vertices of the
leaves of TS , so there are exactly ‘+1 of them. Clearly, every other vertex of a dense
polygon S is outer and every outer vertex is a convex vertex of S.
Proposition 2. For two vertices v and x of a star-polygon S, vx cannot be a diagonal
of S if v is an outer vertex for a triangulation TS .
Proof. Let u; v, and w be three consecutive vertices of S such that uvw is a triangle in
a triangulation TS of S. Suppose that vx is a diagonal of S. First we state that there is
a vertex y such that both uy and vy are diagonals. If ux and vx are both diagolas (see
Fig. 4) then let y= x. Otherwise, let y be the vertex in uvx where the angle “uvy
is minimal. There is a triangulation T ′S of S such that uvy∈T ′S . In G(T ′S), the node
corresponding to uvy has degree 2, which is a contradiction.
Corollary 1. If a vertex v of a star polygon S is outer for one triangulation of S,
then it is outer for every triangulation of S. In other words: the ‘ + 1 leaves of a
star polygon S with 2(‘+1) vertices correspond to the same ‘+1 triangles in every
triangulation of S.
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Fig. 4. This polygon is not dense, because v is outer and vx is a diagonal.
Dense polygons have some other interesting properties which we do not exploit here.
Among others, any dense polygon has at most one convex inner vertex.
3. Upper bound
Every &oodlight considered in this section is a 45◦-&oodlight. It is clear that a
triangle can be illuminated by at most two &oodlights. A triangle with an angle less
than or equal to 45◦ can be illuminated by one &oodlight. We give here the elementary
proof for the case n=4.
Lemma 2. A quadrilateral can be illuminated by two 5oodlights.
Proof. Consider the quadrilateral Q= abcd . If Q is convex, then two &oodlights placed
at a vertex with angle less than or equal to 90◦ can illuminate Q.
Q has at most one re&ex angle. Assume w.l.o.g. that “abc¿180◦. If “cda690◦,
then two &oodlights at d illuminates Q. If “bcd645◦ and “bad645◦ then two
&oodlights at c and a illuminate the triangles bcd and bad, respectively.
Suppose that “abc¿180◦; “cda¿90◦; “bcd¿45◦, and therefore “bad¡45◦.
Let e be the intersection of the ray
→
ab and side cd. Now “bad+“cbe¡45◦ follows
from the fact that “abc=180◦+“cbe. Both “bad and “cbe are smaller than 45◦.
Two &oodlights at a and b can illuminate the triangles ade and cbe respectively.
Our next lemma states a decomposition property of simple polygons.
Lemma 3. Every simple polygon with 2(‘ + 1) vertices can be partitioned into ‘
quadrilaterals.
The proof of Lemma 3 constitutes the subject of Section 3.1. We are ready now to
establish Theorem 1.
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Fig. 5. Notation of vertices in a dense polygon.
Proof (of Theorem 1). Consider a simple polygon P with n vertices. If n is even, then
by Lemma 3 it can be partitioned into n=2 − 1 quadrilaterals. Each quadrilateral can
be illuminated, independently, by at most two &oodlights. So P can be illuminated by
at most n− 2 &oodlights.
If n is odd then choose a triangle t corresponding to a leaf of G(T ). Now P\t,
which has an even number of vertices, can be illuminated by (n − 1) − 2 &oodlights
and two &oodlights can illuminate t.
3.1. Proof of Lemma 3
Consider a simple polygon P with 2(‘+ 1) vertices. The statement holds for ‘=1,
that is, if P is a quadrilateral. We proceed by induction on ‘. Suppose that Lemma 3
holds for every ‘′¡‘.
Let D be the dense decomposition of P. If D has more than one element, then denote
them by S1; S2; : : : ; Sk ∈D; k¿2. If Si has 2(‘i +1) vertices for every i=1; : : : ; k, then
we know that 2(‘ + 1)=2 +
∑k
i=1 2‘i, since the triangulation of each Si contains 2‘i
triangles. By induction, each S∈D can be partitioned into ‘i quadrilaterals. It follows
that P has a partition into
∑k
i=1 ‘i = ‘ quadrilaterals.
Assume that P= S is a star polygon A0B0A1B1 : : : A‘B‘ in counter-clockwise order
where the Bi’s are the outer vertices. Arithmetics on the indices of A0; : : : ; A‘ and
B0; : : : ; B‘ is meant mod ‘+1, that is, ‘+1 stands for 0. (See Fig. 5 for an example.)
Proposition 3. Assume that there is an index i∈[0; ‘] such that AiO; Ai+2O⊂P where
O is the intersection of the lines through BiAi and Bi+1Ai+2, and either (i) O∈ int(P)
or (ii) O∈BiAi or O∈Bi+1Ai+2. Then P can be partitioned into ‘ quadrilaterals.
Proof. Polygon Ai+1BiOBi+1 is a quadrilateral. The simple polygon S\Ai+1BiOBi+1
has 2‘ vertices, and by induction, it can be partitioned into ‘ − 1 quadrilaterals
(see Fig. 6.)
Let the core of the star polygon S be the simple (‘ + 1)-gon K =A0A1 : : : A‘. We
would like to determine which parts of the boundary of K are visible from an outer
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Fig. 6. The line segments AiO and Ai+2O are in S. On the left O∈ int(P), and on the right O∈BiAi .
vertex Bi. By Proposition 2, AjBi is not a diagonal for any pair i; j. But the cone
spanned by the rays BiAi
−−→
and BiAi+1
−−−→
intersects K . More precisely, ray BiAi
−−→
or ray
BiAi+1
−−−→
enters into the interior of K . This implies that the only sections on the boundary
of K visible from Bi are AiAi+1 and a part of Aj(i)Aj(i)+1 for some j(i)∈{0; : : : ; ‘}\{i}.
Possibly, Aj(i) =Ai+1 or Aj(i)+1 =Ai, but not both. Let Ci (resp., Di) be the point where
ray BiAi
−−→
(resp., BiAi+1
−−−→
) hits Aj(i)Aj(i)+1, that is, CiDi⊂Aj(i)Aj(i)+1 is visible from Bi.
Proposition 4. If Proposition 3 cannot be applied to S, then j(i)= j(i+ 1) for every
i=0; 1; : : : ; ‘.
Proof. By de;nition, Ci+1∈Aj(i+1)Aj(i+1)+1 and Di∈Aj(i)Aj(i)+1. As the segments
Ai+1Bi; Ai+1Bi+1; Ai+1Di, and Ai+1Ci+1 are arranged around Ai+1 in this (counter-
clockwise) order. The ray Bi+1Ai+1
−−−−−→
hits Ci+1 and Ai+1Ci+1 dissects K into two parts.
The ray BiAi+1
−−−→
, which hits side Aj(i), crosses the line through Ai+1C1+1 at Ai+1. We de-
duce that the index j(i) of the side of K visible from Bi is one of i+1; i+2; : : : ; j(i+1).
Similarly, Ci∈Aj(i)Aj(i)+1 and Di+1∈Aj(i+1)Aj(i+1)+1. Let O be the intersection of
the lines BiAi =BiCi and Bi+1Ai+2 =Bi+1Di+1. We may suppose that AiO; Ai+2O ⊂S or
O ∈ int(P), otherwise Proposition 3 could be applied. We deduce that j(i) = i + 2; i +
3; : : : ; j(i + 1)− 1.
If j(i)= i+1, then Di =Ai+1 and Ci∈Ai+1Ai+2. (See Fig. 7 with i=4 and i+1=0.)
The ray BiAi
−−→
= BiCi
−−→
intersects the triangle Ai+1Bi+1Ai+2, Denote by E the intersection
point of the ray BiAi
−−→
and the polygonal curve Ai+1Bi+1∪Bi+1Ai+2. If E∈Bi+1Ai+2 then
Proposition 3 could be applied.
If E∈Bi+1Ai+1, then we argue that there is a vertex v such that Bi+1v is a diagonal,
contradicting Proposition 2. If Ai is visible from Bi+1, then Bi+1Ai is a diagonal of S,
and v=Ai. Otherwise, let v be the vertex in AiEBi+1 for which the angle “EBi+1v is
minimal. This is necessarily a re&ex vertex of S, and therefore it is outer. v = Ai+2,
because then BiAi
−−→
and Bi+1Ai+2
−−−−−→
intersect in the interior of S and, again, Proposition 3
could be applied (this is the case in Fig. 7 with i=1 and i + 1=2).
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Fig. 7. A part of the segment A0A1 is visible from Bi for every i∈{1; 2; 3; 4}.
Fig. 8. Dense decomposition (on the left) of a simple polygon with 40 vertices and its partition into 19
quadrilaterals (on the right).
We conclude that j(i) = i + 1, hence j(i)= j(i + 1). (See Fig. 7 with i=1 and
i + 1=2.)
We have shown that if S cannot be decomposed by Proposition 3, then from every
Bi; i=0; 1; : : : ; ‘, part of the same side AjAj+1 is visible. That implies that from Bj
only one side of K is visible, a contradiction. This completes the proof of Lemma 3.
Every star ploygon can be partitioned into quadrilaterals by applying recursively the
dissection described in the proof of Proposition 3 (see Fig. 8).
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